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Abstract 

This paper completes a series devoted to explicit constructions of finite- 
dimensional irreducible representations of the classical Lie algebras. Here the 
case of odd orthogonal Lie algebras (of type B) is considered (two previous 
papers dealt with C and D types). A weight basis for each representation of 
the Lie algebra o(2n + 1) is constructed. The basis vectors are parametrized 
by Gelfand-Tsetlin-type patterns. Explicit formulas for the matrix elements 
of generators of o(2n + 1) in this basis are given. The construction is based 
on the representation theory of the Yangians. A similar approach is applied to 
the A type case where the well-known formulas due to Gelfand and Tsetlin are 
reproduced. 



1 Introduction 



In this paper we give an explicit construction of each finite-dimensional irreducible 
representation V of an odd orthogonal Lie algebra o(2n + 1) (i.e. a simple complex 
Lie algebra of type B). A weight basis in V is obtained by the application of certain 
elements of the enveloping algebra (the lowering operators) to the highest weight 
vector. Explicit formulas for the matrix elements of generators of the Lie algebra 
o{2n + 1) in this basis are given. We follow an approach applied in the previous 
papers [0 and |T^ where similar results were obtained for the C and D type Lie 
algebras. We also reproduce a slightly modified version of the well-known construction 
of the Gelfand-Tsetlin bases for the A type Lie algebras. 

Let Qn denote the rank n simple Lie algebra of type A, B, C, or D. The restriction 
of a finite-dimensional irreducible representation V of 0„ to the subalgebra g„_i is 
multiplicity-free for the A type case, and it is not necessarily so for the B, C, D types. 
Gelfand and Tsetlin |E[ used the chain of subalgebras 



fli C 02 C ■ ■ • C s„ 
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to parametrize basis vectors in V and give formulas for the matrix elements of gen- 
erators for the A type case. Different approaches to derive these formulas are used 

110 HJ, 



e.g. m 

Analogous results for representations of the orthogonal Lie algebra are obtained 
by Gelfand and Tsetlin in 0; see also |21, 23, |^. Here the chain (LI) is replaced with 
the one which involves both the odd and even orthogonal Lie algebras. However, the 
corresponding basis vectors lose the weight property, i.e. they are not eigenvectors for 
the elements of the Cartan subalgebra. To get a weight basis we propose to use the 
chain ( |1.1|) for the B, C, D types as well. We "separate" the multiplicities occurring 
in the reduction g„ [ Qn-i by applying the representation theory of the Yangians. 
Namely, the subspace of 0„_i-highest vectors of weight n'm.V possesses a natural 
structure of a representation of the twisted Yangian Y+(2) or Y^(2), in the orthogonal 
and symplectic case, respectively. The twisted Yangians are introduced and studied 
by Olshanski [Q; see also [0 for a detailed exposition. The action of Y^(2) in the 
space arises from his centmlizer construction ||2^. Finite-dimensional irreducible 



representations of the twisted Yangians are classified in [|T^. In particular, it turns 
out that the representation of Y^(2) can be extended to a larger algebra, the 
Yangian Y(2) for the Lie algebra 0l(2). The algebra Y(2) and its representations are 
very well studied; see p2[, p[- In particular, a large class of representation of Y(2) 



2 



admits Gelfand-Tsetlin-type bases associated with the inclusion Y(l) C Y(2); see 
Tl| , p!9| . This allows us to get a natural basis in the space V^, and then by induction 



to get a basis in the entire space V. 

Note that in the case of C ot D type the Y(2)-module is irreducible while in 
the B type case it is a direct sum of two irreducible submodules. This does not lead, 
however, to major differences in the constructions, and the final formulas are similar 
in all the three cases. 

Our calculations of the matrix elements of the generators of g„ are based on the re- 
lationship between the twisted Yangian Y^(2) and the transvector algebra Z(g„, Qn-i) 
(it is also called the Mickelsson algebra or S- algebra). It is generated by the raising 
and lowering operators which preserve the subspace of g„_i-highest vectors in V. 
The algebraic structure of the transvector algebras is studied in detail in with the 
use of the extremal projections for reductive Lie algebras 0]. We construct an algebra 
homomorphism Y^(2) —>■ Z(g„, which allows us to express the generators of the 
twisted Yangian, as operators in V^, in terms of the raising and lowering operators. 
This plays a key role in the calculation of the matrix elements of the generators of 

in the basis of V. 

Explicit combinatorial constructions of the fundamental representations of the 
symplectic and odd orthogonal Lie algebras were recently given by Donnelly [Q. 
He also showed that in the symplectic case the basis of [|13| for the fundamental 
representations coincides, up to a scaling, with a basis of his Q. It is likely that a 
similar connection exists in the odd orthogonal case. 



2 Gelfand— Tsetlin basis for Qi{n) 

Let Eij, i,j = 1, . . . ,n denote the standard basis of the general linear Lie algebra 
0n = 0^"^) o'^^r the field of complex numbers. The subalgebra g„_i is spanned by the 
basis elements Eij with i,j = 1, ... ,n — 1. Denote by P) = [)„ the diagonal Cartan 
subalgebra in g„. The elements Eu, . . . , Enn form a basis of P). 

Finite-dimensional irreducible representations of g„ are in a one-to-one correspon- 
dence with n-tuples of complex numbers A = (Ai, . . . , A„) such that 

Aj — Aj+i G Z_|_ for i = 1, . . . ,n — 1. 

Such an n-tuple A is called the highest weight of the corresponding representation 
which we shall denote by L{X). It contains a unique, up to a multiple, nonzero 
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vector ^ (the highest vector) such that En ^ = A j ^ for i = 1 , . . . , n and Eij ^ = for 
1 < < j < Denote by ^^(A)'*" the subspace of g„_i-highest vectors in L{\): 

L{X)+ = {rje L(A) \ Eijr] = 0, l<i <j < n}. 

Given a fln-i-highest weight /i = (/ii, . . . , fin-i) we denote by L{\)^ the corresponding 
weight subspace in L{\)~^: 

LWt = {V(^ ^(A)+ \ E.iT] = f^iT], i = l,...,n-l}. 

It is well-known that the space i^(A)^ is either trivial or one-dimensional. More- 



over, dimL(A)^ = 1 if and only if 

Aj — /ij G Z+ and /ij — Aj+i G Z+ for i = 1, . . . ,n — 1. (2.1) 
In other words, the restriction of L{X) to the subalgebra g„_i is multiplicity-free: 

where L'{fi) is the irreducible 0n_i-module with the highest weight /x satisfying the 
conditions (|2.1|). A parameterization of basis vectors in L{\) is obtained by using its 
further restrictions to the subalgebras of the chain (|1.1| ). A Gelfand-Tsetlin pattern 
A associated with A is an array of row vectors 



nn 



^21 -^22 



An 

such that the upper row coincides with A and the following conditions hold 

A,, - A,_i,, G Z+, A,_i, - A,,,+i G Z+, ^ = 1,...,A;-1 (2.2) 
for each k = 2, . . . ,n. 

Remark. If the highest weight A is a partition then there is a natural bijection 
between the patterns associated with A and semistandard A-tableaux with entries in 
{1, . . . , n}. A pattern can be viewed as a sequence of partitions 

A(i) c A(2) c . . . c A(") = A, 
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with A*^^) = (Afc;^, . . . , A^;.). Conditions ( PT^ mean that the skew diagram A'^'^VA^^ 



is a horizontal strip; see e.g. 10 



□ 



Let us set If,^ = A^^ — z + 1. 

Theorem 2.1 There exists a basis {^^1 parametrized by all patterns A such 

that the action of generators of g„, is given by the formulas 

(k k-1 \ 

E^'^-EVmUa, (2.3) 
i=l i=l J 

y-ki ^kl) y-ki ''kkJ 

rp c _ \^ i^ki ~ ^k-l,l) ' ' ' i^ki ~ ^fc-l,fc-l) ^ /r, r\ 

^ki ''kll ^ki ''kkl 

The arrays Ai^j^.. are obtained from K by replacing A^j by A^^il. It is supposed that 
= if the array A is not a pattern; the symbol A indicates that the zero factor in 
the denominator is skipped. 

Proof. Consider the extension of the universal enveloping algebra U(g„) 

U'(fln) = U(0„) ®u(f,) R(()), 

where R({}) is the field of fractions of the commutative algebra U(P)). Let J denote 
the left ideal in U'(0„) generated by the elements Eij with 1 < i < j < n. Introduce 
the normalizer of J in U'(g„): 

Norm J = {x e U'(0„) | Ja; C J}. 

Note that J is a two-sided ideal in the algebra Norm J. We define the transvector 
algebra Z(0„,g„_i) as the quotient 

Z(0n,0n-i) = Norm J/J; 



see |2^. Equivalently, Z(0„, g„-i) can be defined by using the extremal projection 
p = Pn-i for the Lie algebra 0„_i The projection p is, up to a factor from R(f)„_i), 
a unique element of an extension of U'(0„_i) to an algebra of formal series, satisfying 
the conditions 

Eijp = pEji = for l<i<j<n-l. (2.6) 
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The element p is of zero weight (with respect to the adjoint action of f)n-i) and 
it can be normahzed to satisfy the condition p"^ = p. The projection p is a well- 
defined operator in the quotient U'(0ri)/J which allows one to naturally identify the 
transvector algebra Z(0„, g„_i) with the image of p |p6i : 

Z(0„,g„_i) = p(U'(g„)/J) . 

An analog of the Poincare-Birkhoff-Witt theorem holds for the algebra Z(0„,g„_i) 
so that ordered monomials in the elements pEin and pEni with i = 1, . . . ,n — 1 form 
a basis of Z(g„,g„_i) as a left or right R(f})-module I^Bj. These elements are called 
the raising and lowering operators and can be given by 

1 



pEi, 

pEn 



E 

>■■■>« 



j>il>-->«s>l 



Eii-^Ei-^i^ ■ ■ ■ Ei -^i^Ei^n /■ , , N /, 7, N 

{hi - hij ■■■{hi - hij 



Ei-iiEi2i-i 



1 



i<2i<---<«s<n 



Ei^ig_lEnis , . T \ /I I 

{hi - hi^) ■■ ■{hi - hi 



(2.7) 



where s = 0, 1, . . . and hi = En — i + 1. We shall also use normalized operators 
defined by 



Zin = pEin {hi - hi_i) ■■■{hi- hi), 

Zni = pEni {hi - hi+i) ■■■{hi- hn-l). 



{2.1 



These can be viewed as elements of the enveloping algebra U(g„); cf. |T^. We 



have the following relations [25, 26 



Indeed, assume that i < j. Then ( 

pE-ni pEjij pEjiiEnj 1 



for all 
for i 7^ j. 

imply that in Z(0„,g„_i' 
hi — hj + 1 



and 

pEnj pEni = pEniEnj 



hi — hi 



Now ( ^.91 ) follows from ( ^.81 ) . The proof of ( |2.10D is similar. 



Due to ( p.6| ) the operators Zj„ and Zni preserve the space -^^(A)"*": for i = 1, 



(2.9) 
(2.10) 



. , n— 1 
(2.11) 



where ± 5^ is obtained from /i by replacing /i, with /ii ± 1. 

The following is a key lemma in the derivation of the Gelfand-Tsetlin formulas. 
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Lemma 2.2 Given fi satisfying the vector 

spans the subspace -^^(A)^ and for each i = 1, . . . ,n — 1 we have 

Zin^f, = -{nii - h) - ■ ■ {Uli- In) ^f,+5^, (2.12) 

where mj = /i^ — z + 1, = Aj — z + 1. It is supposed that ^^+5^ =0 if Xi = fit. 



Proof. By ( ^.11| ) the vector belongs to the subspace L(A)^. We need to show that 



it is nonzero. This will follow from relations ( p.l2| ). We shall outline a proof of these 
relations which involves the use of the Yangians; cf . |2^ . Consider the n x n-matrix 



E whose ij-th entry is Eij and let m be a formal variable. Introduce the polynomial 
T{u) with coefficients in the universal enveloping algebra U(0„): 

Tiu) = ^ Sgn a (m + ^)<x(l),l ■ ■ ■ {u + E - n + l)a{n),n- 

It is well known that all its coefficients belong to the center of U(g„) (and generate 
the center); see e.g. [^. This also easily follows from the properties the quantum 
determinant of the Yangian for the Lie algebra 0t(n); see e.g. Therefore, these 
coefficients act in L{\) as scalars which can be easily found by applying T{u) to the 
highest vector 

nw)lL(A) = (w + ^i)---(w + U- (2.13) 

On the other hand, the center of U(0„) is a subalgebra in the normalizer Norm J. 
We shall keep the same notation for the image of T{u) in the transvector algebra 
Z(Sn,0n-i)- To get exphcit expressions of the coefficients of T{u) in terms of the 
raising and lowering operators we consider T{u) modulo the ideal J and apply the 
projection p. The details can be found in Theorem 3.1]. We have 

n—1 n—1 n—1 -\- H ■ 1 

T{u) = {U + Enn)W{u + hi-l) -^ZinZni JJ h - k ' 

i=l i=l j=l^jjLi * 3 

In particular, T{—hi + 1) = {—l)"-^^ZinZni- 

Now, (|2.10|) implies that ZinC,^ = unless Aj — > 1. In this case using ( p.9|) we 
obtain 

Z^n^>. = Z,nZmi^.+&^ = (-l)'"-^T(-/l, + 1) ^^,+5^ = {-If-^T {-m{) 
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where we have used hi = The relation ( ^.121 ) now follows from ( |2.13D . 

Applying appropriate raising operators to the vector we can obtain the highest 
vector ^ of L{X) with a nonzero coefficient. This proves that ^ 0. □ 

Given a Gelfand-Tsetlin pattern A introduce the vector G L{X) by 

nf ^ki~^k-i,i ^k,k-i~^k-i.k-i\ f: 



Lemma implies 



fc=2,...,n 



Corollary 2.3 The vectors ^y\^ parametrized by the patterns A form a basis of the 
representation L{X) . □ 



We now briefly outline a derivation of formulas (|2.3|) - (|2.5|) which is standard; see 
e.g. PSI. First, since Enn Zni = Zni {Enn + 1) for any i, we have 



n-l 



Enn ^fi = ^ X] /^«) '^A" 

i=l 1=1 

which implies (pl3|). To prove (|2.4| ) is suffices to find En-i^n(,fiu where 

S/i!/ — ^n-1,1 ■ ■ ■ ^n-l,n-2 S/i; 

and the z/j satisfy 

fii — E Z_|_ and z/j — /ij+i G Z+ for « = 1, . . . , n — 2. 
Since -En-i.n commutes with the -2„_i,j, 

J^n-l,nQ,fiu — '-'n-l,! ' ' ' ^n-l,n-2 -f^ra-ljn ^/x- 



Now use the following identity in U'(g„) modulo the ideal J P5 

n-l 



1 



1=1 



(/ii-/ii)---A---(/ii-/i„_i)' 



where Zn-i,n-i '■= 1- Applying ( p^.l2D we find that 

n-l 



En-l,n 



fiu 



{mi - Zi) ■ ■ ■ {mi - In) 
^ {mi - mi) ■ ■ ■ A ■■ - {mi- m„_i) 



[2.U) 



[2.15) 
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which proves ( p^.4D . To prove ( p^.5| ) we use a contravariant bihnear form ( , ) on L{X) 
uniquely determined by the conditions: 



(e,e) = l, {E,,r],0 = {v,E,^0, ^,CeL(A). (2.16) 

The basis {^a} is orthogonal with respect to this form. This follows from (p.l2|) and 
the fact that the operators pEi^ and pEni are adjoint to each other with respect to 
the restriction of the form ( , ) to the space L{X)^. In particular, ( p.l5| ) implies that 

n-l 
i=l 

for some coefficients Ci{fi, v). Apply the operator Zj^n-i to both sides of this relation. 
Since Zj^n-i commutes with E^^n-i we obtain from (|2.12| ) a recurrence relation for the 
Ci(/i, u): if fij — Vj >1 then 

Ci{fi, V + bj) = Ci{fi, v) , 

iiii - 7j 

where 7j = Uj — j + 1. This proves ( p.5|) by induction. □ 



Note that the original Gelfand-Tsetlin basis ||^ is orthonormal. The basis vectors 
in P coincide with the up to a norm factor which can be explicitly calculated; see 

e.g. m 



3 A basis for odd orthogonal Lie algebras 

We shall enumerate the rows and columns of (2n + 1) x [2n + l)-matrices over C by 
the indices — n, . . . , —1, 0, 1, . . . , n. 



3.1 Main theorem 

We keep the notation Eij, i,j = —n, . . . ,n for the standard basis of the Lie algebra 
Ql{2n + 1). Introduce the elements 

Fij = Eij — E_j_i. (3.1) 

We have F_j_i = —Fy. In particular, -F_j j = for all i. The orthogonal Lie algebra 
g„ := o(2n + 1) can be identified with the subalgebra in gl(2n + 1) spanned by the 
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elements Fij, i,j = —n, . . . ,n. The subalgebra Qn-i is spanned by the elements ( ^.11 ) 
with the indices i,j running over the set {—n + 1, . . . , n — 1}. Denote by f) = ()„ the 
diagonal Cartan subalgebra in 0„. The elements Fu, . . . , F„„ form a basis of f). 

The finite-dimensional irreducible representations of 0„ are in a one-to-one corre- 
spondence with n-tuples A = (Ai, . . . , A„) where all the entries A, are simultaneously 
integers or half-integers (elements of the set | + Z) and the following inequalities 
hold: 

> Ai > Aa > ■■■ > A„. 

Such an n-tuple A is called the highest weight of the corresponding representation 
which we shall denote by V^(A). It contains a unique, up to a multiple, nonzero 
vector ^ (the highest vector) such that Fu^ = Aj ^ for i = 1, . . . , n and Fij ^ = for 
—n < i < j < n. Denote by V^(A)+ the subspace of g„_i-highest vectors in V{X): 

V(A)+ = {rie V{X) I Fij r] = 0, -n <i < j <n}. 

Given a 0„_i-highest weight fi = (yUi, . . . , /i„_i) we denote by l^(A)+ the corresponding 
weight subspace in V{X)~^: 

V{X)t = {v(^V{X)+ I F,,7] = fiir], t = l,...,n-l}. 



By the branching rule for the reduction 0„ | ||2J] we have 



n^)l0„-.^0c(/^)n/i), (3.2) 

where V'{fi) is the irreducible finite-dimensional representation of 0„_i with the high- 
est weight /i, and c(/i) equals the number of n-tuples p = (pi, . . . , Pn) satisfying the 
inequalities 

- Ai > pi > Ai > P2 > A2 > ■ • • > Pn-l > Xn-1 > Pn> An, 

(3.3) 

- Pi > Pi > Pi > P2 > P2 > ■ ■ ■ > Pn-l > Pn-l > Pn 

with all the pi and pj being simultaneously integers or half-integers together with the 
Aj. Any nonzero vector in V^(A)^ generates a g„_i-submodule in V{X) isomorphic 
to V'{p). We obviously have dimV^(A)+ = c(p). Basis vectors in V"(A)+ can be 
parametrized by the n-tuples p. We shall be using an equivalent parameterization by 
(n + l)-tuples z/ = (cr, 1^1, . . . , z/„), where z/j = pi for i > 2, and 



10", ^1) 




if Pi < 0, 
if pi > 0. 
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A parameterization of basis vectors in V{X) is obtained by using its subsequent re- 
strictions to the subalgebras of the chain gi C 02 C ■ ■ ■ C Qn-i C 0„. Define a pattern 
A associated with A as an array of the form 



nn 



^n-\ ^n-1,1 ■ ■ ■ -^n-l,n-l 

^n-\,\ ^n-\,n-\ 

CTi All 

A'n 

such that A = (A„i, . . . , A„„), each cr^, is or 1, the remaining entries are all non- 
positive integers or non-positive half- integers together with the Aj, and the following 
inequalities hold 

^ \\ ^ > > • • • > A'^ > Aj._jt_i > A'j.jt > Ajtfe 
for /c = 1, . . . , n; and 

for = 2, . . . , n; in addition, in the case of integer Aj the condition 

A',i<-1 if = l 
should hold for all /c = 1, . . . , n. Let us set I^q — —1/2 for all k, and 

^iki = A,, - i + 1/2, l'^, = AL - z + 1/2, l<i<k<n. 
Given a pattern A set for i = 0, 1, . . . , /c — 1 

fc-l ^ k-l ^ 

^''^ n ] — r^-II/ — ^] — • 

Furthermore, introduce polynomials Bki{x) by 

n / N "TT + 4a + ~ 4a) 
n ^ TT-ZIT 

a=l,a7^i 
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and define the numbers Cki by 



a=l a=l a=l,a7^i '^'^ '^'^ 

We denote by A ± 5^,^ and A + 5'^^ the arrays obtained from A by replacing A^^^ and 
A';jj by A^j ± 1 and A'^j + 1 respectively. 



The following is our main theorem which will be proved in Sections |3]J and |0 . 

Theorem 3.1 There exists a basis {Ca} ofV{X) parametrized by the patterns A such 
that the action of the generators of Qn is given by the formulas 



(k k fc-l \ 

(^fe + 2 ^ A'fcj - ^ \^ - ^ Afc„i_j I C, 
i=l i=l i=l / 

k-l 

F,_i,_,CA = ^fc0CA(fc,0) + J]A 



i=l 



^.-1. + 1/2 



^.-1. - 1/2 



Ca 



i/ere the following notation has been used 
Ca (^5 = Ca-<5j^_j 



Ca(^,0 — Bkj{lk-l,i)Bk-l,rn{lk-l-i) Ca+3L+3,. ,+3;. ) 

j=l m,=l 



anc? := z/ A is not a pattern. Furthermore, 

CA(fc,0) = (-l)'=CA 
k 



if ^k = = 0, 
if ^fc = 1, ^fe-i = 0, 



fc-i 



- y_] 5fc-i,m(4-i,o) Ca+5; , if <^k = 0' (^fc-l = 1' 

' * fc — l.m 

TO=1 

k fc-l 

(~1)'' / . / . Bkj{lk-ifl)Bk-i,m{lk-ifi) Ca+s', .+<s; , 



m=l 



^fc = ^fc-i = 1, 



where A ^s obtained from A % replacing and (y^_^ respectively with o"^ + 1 anc? 
^fc-i + 1 {"modulo 2). T/ie action of Fj^_^f^ is found from the relation 



Fk-i k = ^k-i,-k{'^ + 2) $-fc,fc - $-fc,fc$fc-i,-fc(M) 



M=0 
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where the operator ^-k,k o,cts on the basis elements by the rule 

k 



^-k,k Ca - Cki {Fkk - I'ki + 1) Ca-<5^,. 



i=l 



while the action of ^k-i,~k{u) is given by 
<^k-iM^) Ca = (Aik, 0) 



fc-i / ^ 

1 



1/2) + 



kk 



-yy Ca 



Remark. The image of under the operator (^k_i^^k{u + 2) — $-A:,fe$fc-i,-fc(M) 
at u = may be undefined for some patterns A. To get the action of i^^.i^, one 
should first calculate its matrix elements in a "generic" representation V{X) and then 



specialize the parameters; see Section |375|. For example, consider the case n = 1. It 



will be shown in Section |3.4] that the basis vectors in V^(A) are given by 

CA = i^roMi^io^o,-i)'"~'"e. 

Furthermore, the operators and $o,-i(w) are defined by 

*-i,i = -^f'o.. 

'*°'-''"' = ^°- % + fi!-l/2 - 

see Section |3T5| . In the case A = (—1/2) the basis of V{X) consists of two vectors ^ and 
^' = -Fio^. Therefore, is the zero operator in V{X) while the image $o,~i(0)^' 

is not defined. On the other hand, we find directly that -Fqi^' = 1/2^- □ 



3.2 Transvector algebra Z(0„,0„ i) 

Consider the extension of the universal enveloping algebra U(g„) 

U'(0n) = U(0„) ®u(f,) R(t)), 
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where R(()) is the field of fractions of the commutative algebra U(f)). Let J denote 
the left ideal in U'(g„) generated by the elements Fij with —n < i < j < n. The 
transvector algebra Z{Qn, Qn-i) is the quotient algebra of the normalizer 

Norm J = {x e U'(g„) | Ja; C J} 



modulo the two-sided ideal J It is an algebra over C and an R([))-bimodule. Let 
p = Pn-i denote the extremal projection for the Lie algebra Qn-i ill; cf. Section ||. 
It satisfies the following (characteristic) relations 

^ij P = P Fji = for — n<i<j<n. 

The projection p naturally acts in the space U'(0„)/J and its image coincides with 
Z(Sn5 0n-i)- The elements 

pFia = -pF_a-i, a = -n, n, i = -n + 1, . . . ,n - 1 (3.4) 



are generators of Z(g„, g„_i) pS]. Set 



/o = -l/2, f^ = Fu-^ + l/2, f-^ = -fi 

for 2 = 1, . . . , n; and set = — /_« for all i. The elements ( PI^ ) can be given by the 
following explicit formulas (modulo J): 

pFia = ^ ] Fii-^Fi^i^ • • ■ Fi_^_-^i^Fi^a 



i>il>->ts>-n ^-f' fh)---{fi fts) 

where s = 0, 1, . . . . We shall use normahzed generators of Z(g„, Qn-i) defined by 

Zia = pFia ifi - fi-l) ■■■{fi- f-n+l), (3.5) 
Za.=pFa.in- fUl)- ■■{!:- fLl)- (3.6) 

We obviously have Zai = {—l)^~^z_i_a. The elements Zia satisfy certain quadratic 
relations [i^]. We shall use the following ones below (cf. ( |2.9|) and ( |2.1CI|) ): for 
a, 6 G {—n, n} and i + j ^ one has 

ZajZbiifi - f'j + 1) = ZuZajUi ' f'j) + ^aiZbj- (3.7) 

In particular, Zai and Zaj commute for i + j ^ 0. One easily verifies that Zai and zj,i 
also commute for i ^ and all a, b. 
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The elements Zia and Zai naturally act in the space V{X)'^ and are called the 
raising and lowering operators. One has for i = 1, . . . , n — 1: 

where /i±(5j is obtained from fi by replacing /ij with /ij±l. The operators preserve 
each subspace l^(A)^. 

We shall need the following element which can be checked to belong to the nor- 
malizer Norm J, and so it can be regarded as an element of the algebra Z(g„, 

Zn,—n ^ ^ Fni\Fi\i2 ' ' ' -^is,—n {fn fji) ' ' ' {fn fjk)^ (^-S) 

n>ii>--->is>—n 

where s = 1, 2, . . . and {ji, . . . ,jk} is the complement to the subset {ii, . . . ,is} in 
{— n + l,...,n— 1}. The following relation is proved exactly as its C and D series 
counterparts |l^ (cf. ( p.l4| )): for a = —n,n 

n—l ^ 
Fn-l,a = / ^ Zn-l,i ZiaJ-;. 7 ^ " 77 7 T, (3-9) 

where Zn-i,n-i ■= 1 and the equalities are considered in U'(g„) modulo the ideal J. 
3.3 Yangians and twisted Yangians 

Let us introduce the 0l(2)- Yangian Y(2) and the (orthogonal) twisted Yangian Y"'"(2); 
see 



Iq] for more details. The Yangian Y(2) is the complex associative algebra with 
the generators t^^b ^^^ab ^ ■ ■ ■ "where a, 6 G {—n, n}, and the defining relations 

[tab{u),tcd{v)] = — {tcb{u)tad{v) - t cb{v)t adiu)] , (3.10) 

U — V \ / 

where 

tabiu) := Sab + t^^u-' + t^^u-' + ■ ■ ■ G Y(2)[[n-^]]. (3.11) 
Introduce the series Sab{u), a,b E {—n,n} by 

Sab{u) = tan{u)t_b_n{-u) +ta-n{u)t_i,^n{,-u). 

Write Sab{u) = ^a6+s^^'*u~^+s^^''u~^+- ■ ■ . The twisted Yangian Y+(2) is defined as the 
subalgebra of Y(2) generated by the elements s^^^ , s^^^ , . . . where a, 6 G {—n, n}. Also, 
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Y"'"(2) can be viewed as an abstract algebra with generators s^^,j and the following 
defining relations (see Section 3]): 

Sa,-ciu)s^h^di'v) - S^,-aiv)s^d,biu)) (3.12) 



U 

1 



U + V 



+ 2^2 f^c,-a(^)g-M(^) - Sc,-a(^)S-M(«)) 



and 



The Yangian Y(2) is a Hopf algebra with the coproduct 

/^{tab{u)) = tan{u) ® tnb{u) + ta ,-«(«) ® t-nM- (3.14) 

The twisted Yangian Y"'"(2) is a left coideal in Y(2) with 

/^{Sab{u))= ^ tac{u)t-b-d{-u) ® Scd{u). (3.15) 

c,(i£{— n,n} 

Given a pair of complex numbers {a, (3) such that a — /3 G Z+ we denote by 
L(a, /?) the irreducible representation of the Lie algebra q\.{2) with the highest weight 
(a,/3) with respect to the upper triangular Borel subalgebra; see Section ^ We have 
dimL(a,/3) = a — [3 + 1. We may regard L(a,/5) as a Y(2)-module by using the 
algebra homomorphism Y(2) — > U(0[(2)) given by 

tabiu) ^ 5ab + EabW^, a,he{-n,n}. 

The coproduct ( |3.14| ) allows one to construct representations of Y(2) of the form 

L = L{ai, /3i) ® ■ • ■ ® L{an, Pn)- 

(r) 

Note that the generators r^i^ with r > n act as zero operators in L. Therefore, the 
operators Tabiu) = u^tabiu) are polynomials in u: 

Tab{u) = 5abu-+t^^y-' + ---+t^:l 

For any 7 G C denote by ^^(7) the one-dimensional representation of Y"''(2) 
spanned by a vector w such that 

u+7 M-7+1 

Snn\U]W= l-W, S-n-n[u]W = ; W, 
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and Sa-a{u)w = for a = —n,n. By ( |3.15| ) we can regard the tensor product 
L ® W{'-y) as a representation of Y+(2). Representations of this type essentially 
exhaust all finite-dimensional irreducible representations of Y"''(2) [0. The vector 
space isomorphism 

L 1^(7) L, v0wi-^v, veL (3.16) 
provides L ® W{'y) with an action of Y(2). 

3.4 Construction of the basis 

Introduce the following polynomials in u with coefficients in the transvector algebra 
Z(g„,0„-i): for a,b e {-n,n} 

n—l n— 1 n— 1 ^ 

Zab{u) = -(^6ab{u-n + l) + Fab^ JJ {u + Qi) + ^ ZaiZib JJ " _ ^[ , 

j=-n+l i=-n+l j=-n+l,j^i ^-^ 

(3.17) 

where Qi := fi + 1/2 for all 1 
Proposition 3.2 T/ie mapping 

Sab(u) ^ -u~'^'^ Zabiu), a,h E {-n,n} (3.18) 
defines an algebra homomorphismY^{2) Z(g„,0„_i). 

Proof. One of the possible ways to prove the claim is to check directly that the 
relations ( p.l2|) and (p.l3|) are satisfied with the Sabiu) respectively replaced with 



Zab{u). Here one needs to use the quadratic relations in the transvector algebra 



Z(g„,0n-i)- In addition to ( |3.7| ) the relations which express ZiaZbi in terms of the 



ZbjZja are needed; see 



Alternatively, we can follow the approach of ||TB|, Section 5] to construct first a 



homomorphism from Y"'"(2) to the centralizer C„ of Qn-i in U(0n) and then calculate 
the images of the centralizer elements in the algebra Z(g„,g„_i). The calculation is 
similar to that in the symplectic case ; see also . We shall only give a few key 
formulas here. Introduce the {2n + 1) x [2n + l)-matrix F = (Fij) whose ijth entry 
is the element Fij G g„ and set 

F(u) = 1 + — ^— . 
^ ^ ^ + 1/2 
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Denote by F{u) the corresponding Sklyanin comatrix; see |T^, Section 2]. The map- 
ping 

Sab{u) ^ c{u) F{-u + n -l/2)ab, a,be{-n,n}, (3.19) 

where c{u) = (1 — m^^)(1 — 4m"^) ■ ■ ■ (1 — (n — 1)^ defines an algebra homomor- 
phism Y"'"(2) C„ []T2| , Proposition 2.1]; cf. |2^. Its composition with the natural 
homomorphism C„ Z(g„,0„_i) gives (|3.18| ). □ 



As it follows from the branching rule ( |3.2|) , the space ^(A)^ is nonzero only if 
there exists u such that the inequalities ( |3.3| ) hold. We shall be assuming that this 
condition is satisfied. Proposition ^]2] allows one to equip V^(A)^ with a structure of 
a Y"'"(2)-module defined via the homomorphism (|3.18|) . The next theorem provides 
an identification of this module. 

Theorem 3.3 The (2) -module ^(A)+ is isomorphic to the direct sum of two ir- 
reducible submodules, V^(A)^ ~ f/ © U' , where 

U = L(0, (3i) ® L{a2, /32) ® ■ ■ ■ ® L{an, (3n) ® W{l/2), (3.20) 
U' = L(-l, (3i) ® L(a2, /32) ® ■ ■ ■ ® L{an, I3n) ® W{l/2), (3.21) 

if the Xi are integers {it is supposed that U' = {0} if f3i = 0); or 

U = L{-l/2, pi) ® L{a2, 02)® L{an, /?„) ® W{0), (3.22) 
U' = L{-l/2, /3i) ® L{a2, /^s) ® ■ ■ ■ ® Ha^, (3n) ® W{1), (3.23) 

if the Xi are half-integers, and the following notation is used 

ai = min{Ai_i, - i + 1, i = 2,.. .,n, 
(3i = max{Xi, fii} - i 1, i = l,...,n, 

with fin := — oo. In particular, each of U and U' {and hence ^(A)+) is equipped with 
an action of Y{2) defined by ( p.l6| ). 



Proof. Consider the following two vectors in V^(A)" 



n-l 



= n [z^r^'-^^^-'^ci^'-'-^-'^ c = e.. (3.24) 
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Repeating the arguments of the proof of Theorem 5.2 in [|T^ we can show that both 
and are eigenvectors for s„„(m) and are annihilated by s_„ „('u). Namely, 



= (1 + 



(3.25) 



where 



li{u) = (1 - a2u'^) ■■■{!- anU-^){l + PiU'^) ■■■{! + PnU~^). 



This is proved simultaneously with the following relations by induction on the degree 
of the monomial in (|3.24|) : for i = 1, . . . ,n — 1 



Zin^fi = -{m + ai) ■ ■ ■ {rrii + a„)(mi - (3i) ■ ■ ■ {nii - (3n) ^^,+5, 



(3.26) 



and 



z-ni^f, = -{mi - ai - 1) ■ ■ ■ (mi - a„ - l)(mj + /?i - 1) ■ ■ ■ (m^ + - 1) 

(3.27) 

where cti = and mj = /ij — i + 1 for i = 1, . . . , n — 1. Indeed, we note that if /ij > Aj 
then Zin = which is implied by ( p.7| ). This agrees with ( |3.26| ) because in this case 
/3j = rrii. Now assume that Hi < \i. We have -Zm^^ = ^i„^m^;^+5i by (|3l7|). Formula 
( P-171) gives Zi„z™ = z_„_iZ_i_„ = _„(-5(_i). Further, 



By Proposition p.2| and the symmetry relation ( |3.13| ) we can write 

Z —n,—n[m,i J 



2mi — 1 1 

-Znni~mi) + Znnimii) 



2m,- 



2m,- 



By induction, Znniu) can be found from (|3.18|) and (|3.25|) which gives (|3.26| ). 
The proof of ( p. 27] ) is very similar. To prove ( |3.25| ) we apply the induction hypotheses 
to ( |3.26| ) and ( p.27| ) and also use the relation 



which is a consequence of ( |3.7|) . The relations 

Z_n,n{u) = 0, Z_n,n{u) = 

follow from ( |3T7| ), (|3:26| ) and dOTQ . 



(3.28) 



(3.29) 
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Both vectors and are nonzero, except for the case /5i = where = 0. 
Indeed, applying appropriate operators to ^„ or ^' repeatedly, we can obtain the 



highest vector ^ of ^(A) with a nonzero coefficient. It follows from |jT2|, Corollary 6.6] 
that the tensor products ( |3.20D -( p.23 ) are irreducible representations of Y+(2). An 
easy calculation shows that the highest weights of the Y"*'(2)-modules U and U' 
respectively coincide with the Y"'"(2)-weights of the vectors and C,'^. So, U and U' 
are respectively isomorphic to quotients of the Y"''(2)-submodules in ^(A)^ generated 
by and i^^. On the other hand, the branching rule ( |3.2| ) implies that 

dim\/(A)+ = dirnU + dimf/'. 

Therefore, to complete the proof of the theorem we need to show that the Y+(2)- 
submodules generated by and ^'^ are disjoint. For this we employ a contravariant 
bilinear form ( , ) on V{X) uniquely determined by the conditions: 



cf. ( p.l6|) . One easily shows that its restriction to the subspace V^(A)^ is non- 



degenerate. Therefore, our claim will follow from the fact that the submodules gen- 
erated by and are orthogonal to each other with respect to ( , ) . Given an 
operator A in V^(A)+ we denote by A* its adjoint operator with respect to the form: 

(Ar/,C) = (r/,A*C). 

Since the extremal projection p is stable with respect to the anti-involution Fij i-^ Fji 



26] we derive that (pFia)* = pFai for a = —n, n and i = —n+ 1, . . . , n — 1. Therefore, 
= Zai-c where c is an element of R([)„_i) which can be found from (p.5|) and 



This also implies that (zaiZib)* = ZhiZia and hence 

ZM* = ZM, (3.30) 



see ( p. 171) . By Proposition p.2| and the Poincare-Birkhoff-Witt theorem for the 



twisted Yangians |TB|, Remark 3.14], every element of the Y"'"(2)-submodules gen- 
erated by and can be written as a linear combination of vectors of the following 
form, respectively: 

(Ui) ■ ■ ■ Zn-n{Uk) or 

Zn,—n 



where the Ui and Vi are complex parameters. Therefore, by ( p.29|) and (|3.30|) to prove 



that the submodules are orthogonal it now suffices to show that {^fj.,Cii) = 0. But 
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this follows from ( ^.281 ). 



Remark. Using Weyl's formula for the dimension of ^(A) one can slightly modify the 
proof of Theorem |3.3| so that the branching rule (|3.2|) would not be used but follow 
from the theorem; cf . p!3| , |T^ . □ 



It follows from ( p.l3|) that the series Sn.-n{u) is even in u, and so is the polynomial 
Zn-n{u)] see Proposition |3^ . On the other hand, ( |3.17| ) implies that Zn-n{—gi) = 
ZniZi-n for z = 1, . . . , — 1. Moreover, Zn-n{,—gn) = Zn-n which follows from (|37^ ). 
Since Z„ is a polynomial in u"^ of degree — 1, by the Lagrange interpolation 

formula Z„ can also be given by 



Zn,-n(u) 



i=l 



n 2 2 



n 



(3.3i: 



Remark. To make the above evaluation Zn^-ni—gi) well-defined we agree to consider 
the series Zab{u) with a, 6 G {— "n., n} as elements of the right module over the field of 
rational functions in (71, u generated by monomials in the Zia- □ 

Given v such that the conditions fB.3|) are satisfied, set 



7i = i/j - i + 1, k = \i - i + I, i>l 



and introduce the vectors 



JJ Zn-n{li - 1) ■ ■ • Zn-n{(3i + if CT = 0, 

i=l 
n 



< i=l 



Using ( |3.31D and (|3.71 ) we get an equivalent expression; cf. [|^, Section 6]: 



7n-l 



i=l 



Proposition 3.4 The vectors C,ufi with v satisfying (|3.3| ) /orm a 6asz5 0/ V(A)^. 
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Proof. Due to Theorem p.3| it suffices to show that the vectors ^^^i with a = form 
a basis of the subspace U of V{X)^ while those with a = 1 form a basis in U'. Let us 
write each of the tensor products in ( |3.20|) -( ^.23|) in the form 



L{ai,pi) (g) L{a2,p2 



(3.32) 



Regarding this as a Y(2)-module defined by ( p.l6| ) we can construct a Gelfand- 
Tsethn-type basis in this module as follows. Set 

n 

Cuf, = Y\_Tn-ni-li + 1) ■ ■■Tn-ni-f3i - l)T„_„(-/5j) <o ^M' 
i=l 



The vectors (^fj. with u satisfying form a basis in the Y(2)-module ( p.32| ); see 
2^ , |Tl|, |19|]. Furthermore, we have 



Tnn{u) Cu^i = (U + 7i) ■ ■ ■ (U + 7„) Ci^^i, 

We have the following equality of operators in the space ( |3.32| ): 



(3.33) 



{U - ao)Tn-n{-u)Tnn{u) + {u + ao)Tn-n{u)Tnn{-u) 



which is easily derived from ( p.lO| ), ( p.l5| ) and ( p.l8| ). Therefore, by ( p. 331 ) 



Zn,-n{7i) Cut, = -2(ao - 7i) n ~ 

a=l, ay^i 



This shows that for each z/ the vectors and coincide up to a nonzero factor. 



We shall use the following normalized basis vectors 

C/^= n (-7i-7i)!W- 

l<j<j<n 

The following formulas for the action of the generators of the Yangian Y(2) in the 
basis {Cufj.} follow from the above proof: for i = 1, . . . , n 

Tnn{u) Cuf, = (m + 7i) ■ ■ ■ (m + 7„) (^^, 
Tn-n{-li) Cu^l = —, T Cy+S„^l^ (3.34) 

2(7j - tto) 

n n 

T^nA-li) Cuti = 2 JJ(afc - 7i + 1) n*^^-^ ^ 

fc=0 k=l 
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cf . and [0 . 

Given a pattern A (see Section |3]^) introduce the vector 

= n Uo ■ n 4r "^-^■'4^;'^^ ■ 'n ^^--(^ + 1)] ^ 

k=l,...,n \ 1=1 q=l^^ J 

and set 

n 

ca=n^u, ^A=n n (-4-4,-1)! 

fc=2 l<i<j<k 

The following proposition is implied by the branching rule ( p.2|) and Proposition p.4| . 

Proposition 3.5 T/ie vectors Ca parametrized by the patterns A form a basis of the 
representation ^(A). □ 



3.5 Matrix element formulas 

Introduce the following elements of U(0n): 



$_fc,fe = ^ F_k^iFik - ^ Fo^fc, /c = 1, . . . , n. 



We shall find the action of ^^k,k in the basis {Ca}) which will be used later on. 
Since ^-k,k commutes with the subalgebra gk-i it suffices to consider the case k = 
n. The image of 2$_„^„ under the natural homomorphism vr : C„ ^ Z(g„,0„_i) 
coincides with the coefficient at -u^""^ of the polynomial Z_„^„(m); see the proof of 
Proposition p.2| . The following equality of operators in ( p.32| ) is obtained from (|3.10| ), 
( pJ[5D and (|3iq ): 

^ ( \ _ (m - a(i)T^n-n{-u)T^n,n{u) + [u + ao)T.n-n{u)T.n,n{-u) 

Therefore, 

$-n,n = — + t[X,np'^-n-n + (1 + ^^o) ^-n,n- (3.35) 

The image of Snn under the homomorphism (|3.19| ) is F^n- On the other hand, by 
( p.l5|) we have 



_i/2 
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as operators in the space ( |3.32D . Therefore, ( ^.35| ) can be written as 

^-n,n ''-n,n ' ''-n,n''nn {■'^ nn ' ^ / J —n,n- 

Finally, relations (|3.34| ) imply that 



(3.36) 



i=l 



where 



fc=0 



k=l 



Using the notation in ( 3.32 ) we can also write this as 



= (27,-l)(l-a-7,) J](/fc-7,) J](mfc-7,) J] (7, - 7.)"'- 



k=l k=l 

The action of F„„ in ^(A)^ is immediately found so that 

n n 1 



a 



1=1 i=l i=l 



The operator F„_i^_„ preserves the subspace of g„_2-highest vectors in V{X). 
Therefore it suffices to calculate its action on the basis vectors of the form 



where X^u' denotes the operator 



n-2 



Oil ^n~l,i ^i'-n+l 
i=l 



a=mn-i 



Here we assume that the conditions ( |3.3| ) are satisfied with A, u, fi respectively 
replaced by fi, z/', /i'; we have used the notation 7^' = u^ — i + l. The operator Fn-i-n 
is permutable with the elements z„_i,i, Zi _n+i and Zn-i-n+i{u) which follows from 
their explicit formulas. Hence, we can write 
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Let us apply ( |0| ) with a = —n. We have 

fi iui, = im - 1/2) f_i iy^, = (-m, + 1/2) 

for i > 1. Recall also that /o = —1/2. We now need to express 

-^fiu' ^n—l,i^i,—n ^u^i ^ ^ -|- 1, . . . , Ti 1 

as a linear combination of the vectors C,ufj.u' ■ Suppose first that i > 1. Assuming that 
~ yUj > 1 "we obtain from ( p.7| ) 

^ij—n^ufi Zi,—n^ni^u,^+Si- (3.37) 

By ( |3.17|) this equals 

We have -g^i^^^^+s, = nii^^^^+s^. Since Zn-n{lp) iu,t,+s, = ^u+Sp,f,+s, for each p = 
l,...,n, we obtain from the Lagrange interpolation formula that ( p.37| ) takes the 
form 

n n 9 9 

7 _ TT ~ C 

Furthermore, for i > 1 

^—i,—n^ufi ( 1) ^ni^u^ ( 1) ^u,^—Si- 

Consider now the vector Zq _„ ^j^^j. If a = then it equals 

where V = (a + 1, z/i, . . . , i/„) (addition modulo 2). If cr = 1 then 

which coincides with Z„ _„(— (70) ^77^, where qq = 0. Using again the Lagrange inter- 
polation formula we find that this equals 



n n 99 

p=la=l,a^p 'P '°- 
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with mo = 0. The operator X^,yt Zn-i,i is transformed in exactly the same manner; 
cf. [|T^. Combining the results we obtain 

= ^0^(0) + f— e+« — 

^-^ yrrii mi — I 

i=l ^ 

where 

n— 1 ^ n—1 ^ 

A= TT ^^TT — - — 

rrii - rua ^^mi + nia- I 

a=l,a^i a=l 



Furthermore, 



n n—1 n or, n—1 n ,2 

^ y^)-2^2^ 11 ^2 11 V2 _ ,2 ^u+5„t^+5,y+5,, 

p=l q=l a=l,aj^p 'P a=l,a^q 'l 

and 

m = hmvpv' if a = a' = 0, 



= E n TJr:^^-^..^-' if a=l,a' = 0, 

p=la=l,a^p 'P 

'^"l ^2 /2 

= -5Z n J2 _ y 2 ^F,^,F'+^, if a = 0, a' = l, 

g=l a=l,a7^q '^^ 

n n—1 n or, n—1 9 ,2 

~ ^ Z^Z^ 11 ^2 _^2 11 y2 _ ,2 ^^+5p,/^,57'+5, 

p=l q=l a=l,a^p 'P a=l, a^g 

if a = a' = 1, 

with 77' = (cr' + 1, . . . , z/,^_i) (addition modulo 2). We now compute the action of 
Fn-i.n- In the formula (|3.9|) with a = n replace the operators Zm by with following 
expression: for i = —n + 1, . . . ,n — 1 

Zin = [Zi-n, $-n,n] r p {3.38) 



and then use the formulas for the action of and see ( p.36| ). More precisely 



we regard ( p.38| ) as a relation in the transvector algebra Z(g„,g„_i) which can be 



proved as follows. First, we calculate the commutator [-Fj in U(g„) then 

consider it modulo the ideal J and apply the extremal projection p (see Section 2). 
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We have = + 2) and so, and imply that 

(2) - $_„,„<l>„_i,_„(0)) e.^, (3.39) 

where 

n— 1 n— 1 ^ ^ 

<l'n-l,-„(M) = 5Z 2n-M^i,-n JJ f._ f ' u + f +F ' ^'^'^^^ 

j=— n+1 a=—n+l,a^i ""^ 



The action of $„_!_„(«) is found exactly as that of F„_i__„. Formula ( p.39|) is valid 



provided the denominators in ( p.40|) do not vanish. However, since ( p.38|) holds in 



the transvector algebra Z(g„,g„_i), the relation ( |3.39| ) holds for generic parameters 



u, fi and u' which allows one to get explicit formulas for all matrix elements of Fn-i^n- 
Finally, the proof of Theorem is completed by rewriting the above formulas for 
the action of the generators in terms of the parameters cr^, l/^^ and /^^ of the patterns 
A. The parameters Zj, 7^, rrii are replaced by 

h ^ Iki + 1/2, l^ ^ /L + 1/2, ^ + 1/2. 

Remark. There is another way of calculating the matrix elements of -Ffc-i,*: based on 



the formulas for the action of T_n-n{u) in the basis {C/^}; see [Tj . 
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